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In [1], a n u m b e r  of s t a t e m e n t s  w e r e  f o r m u l a t e d  of the  p r o b l e m  of t he  a t t a i n m e n t  of a 
m o m e n t l e s s  s t r e s s e d  s t a t e  in e l a s t i c  r e i n f o r c e d  s h e l l s  wi th  an  a r b i t r a r y  f o r m  of t h e i r  
m i d d l e  s u r f a c e .  The  p r e s e n t  w o r k  i s  devo ted  to  the  so lu t i on  of t h r e e  of the  s t a t e m e n t s  
a d v a n c e d  in  [1], f o r  t he  c a s e  w h e r e  t he  m i d d l e  s u r f a c e  has  a z e r o  G a u s s i a n  c u r v a t u r e .  

w We t a k e  the  c a l c u l a t i n g  m o d e l  of a r e i n f o r c e d  s h e l l  a d v a n c e d  in [1]. We r e f e r  the  m i d d l e  s u r f a c e  
of the  she l l  to  the  c u r v i l i n e a r  o r t h o g o n a l  c o o r d i n a t e s  ce and/3,  c o inc id ing  wi th  the  l i n e s  of c u r v a t u r e ;  h e r e ,  
we denote  by  A and B the  c o e f f i c i e n t s  of the  f i r s t  q u a d r a t i c  f o r m  of the  s u r f a c e ,  and by  R 1 and R z the  p r i n -  
c i p a l  r a d i i  of c u r v a t u r e .  

Le t  the  m i d d l e  s u r f a c e  have a z e r o  G a u s s i a n  c u r v a t u r e  ( R I = ~ ) .  If the  s h e l l  w o r k s  u n d e r  a m o m e n t -  
l e s s  s t r e s s e d  s t a t e ,  t he  fo l lowing  m u s t  be  s a t i s f i e d :  

The  equa t i ons  of  e q u i l i b r i u m  

( B T ~ ) , ~ - -  B ,~T 2 + T3,~ = - - B p 1 ;  T2,8 + (BT3),~ + B,~T~ = - -  Bp2,  T~ = Bp~; (1.1) 

t he  r e l a t i o n s h i p s  of  e l a s t i c i t y  

T = 2h ilak~[] s, e = O.5h -~ llbk,,l] T; (1.2) 

W = I!T1ToTalI',. e = Ilexsosz!i' , ilb~.rnH = i]ahmll' - ' ;  

the  g e o m e t r i c  equa t ions  

e 1 - -  u.~, e~ = B-~v ,~  + B - ~ B , ~ u  + u,B - l ,  % = B-~u .~  + B (vB-'~),~; (1.3) 

• = - -<:~ ,  = O, z~ = - -  B --~ (B-~u,.~ - -  v R - ' ) , ~  - -  B B,~u, ~ = 0; 

= - B - + B R - '  = O; 

the  equa t i ons  of con t inu i ty  of t he  s t r a i n s  

(Be3),~-- et,~ = 0, [(Bs2).~ - B,~el],~ = 0. (1.4) 

H e r e  R=R2;  T 1, T 2, T 3 a r e  the  n o r m a l  and s h e a r  s t r e s s e s ;  e~, e2, e 3 a r e  the  r e l a t i v e  e l o n g a t i o n s  
a long the  a -  and B - l i n e s  and the s h e a r ;  • ~2, r a r e  the  c h a n g e s  in the  c u r v a t u r e  and the  t o r s i o n ;  u, v, w 
a r e  t he  c o m p o n e n t s  of  the  d i s p l a c e m e n t s  a long the  c~- and B - l i n e s  and the  bend ing  of t he  m i d d l e  s u r f a c e ;  
Pl, P2, P3 a r e  t he  c o m p o n e n t s  of the  e x t e r n a l  s u r f a c e  load;  2h i s  the  t h i c k n e s s  of t he  she l l ;  the  length  of an  
a r c  of  the  a - l i n e  i s  t a k e n  as  the  p a r a m e t e r  ~ ,  f r o m  which  i t  fo l lows  tha t  A = 1. H e r e  and in what  fo l lows ,  
the  index  a f t e r  the  c o m m a  deno te s  the  p a r t i a l  d e r i v a t i v e  with r e s p e c t  to  the  c o r r e s p o n d i n g  c o o r d i n a t e .  

The c o e f f i c i e n t s  a k m ( k  , r e = l ,  2, 3) have  the  f o r m  [1, 2] 

N N 

a~ = 1 ~ v ~ 'r o3,~E.l~,~, a,~ 1 -- ~'~ ~ o~E,~l~,~l;_,~, 
:q=l r , = l  
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l l n = e o s % ,  12~.=sin%z , i , ] =  1,2, i : ~ j ,  

w h e r e  n i s  the  n u m b e r  of f a m i l i e s  of f i l a m e n t s  (n = 1, 2 . . . . .  N); w n i s  the  r e l a t i v e  v o l u m e t r i c  conten t  of 
the  f i l a m e n t s  of t h i s  f a m i l y ;  E n i s  t h e i r  Young ' s  modu lus ;  en i s  the  ang le  b e t w e e n  the  d i r e c t i o n  of the  f i l a -  
m e n t s  of t he  f a m i l y  and the  a - l i n e ;  E, v a r e  t he  Young modu lus  and the  P o i s s o n  coe f f i c i en t  of the  m a t e r i a l  
of the  b i n d e r ;  a i s  the  r e l a t i v e  v o l u m e t r i c  con ten t  of the  b i n d e r .  

If  ~ ,  ~2, % s a t i s f y  the  equa t ions  of con t inu i ty  of the  s t r a i n s  (1,4), Eqs .  (1.3) s e r v e  to d e t e r m i n e  the  
c o m p o n e n t s  of the  d i s p l a c e m e n t  u, v, w. We s h a l l  p o s t u l a t e  tha t  the  b o u n d a r y  cond i t i ons  f o r  the  she l l  a r e  
so f o r m u l a t e d  tha t  t h e r e  e x i s t s  a s o l u t i o n  of Eqs .  (1.3) wi th  r e s p e c t  to u, v, w s a t i s f y i n g  t h e s e  cond i t i ons .  
T h e r e f o r e ,  in what  fo l lows ,  Eqs .  (1.3) and the  b o u n d a r y  cond i t ions  fo r  u, v, w a r e  lef t  out of the  d i s c u s s i o n .  

We s h a l l  f o r m u l a t e  and d i s c u s s  f u r t h e r  t h r e e  s t a t e m e n t s  of the  p r o b l e m  of a t t a in ing  a m o m e n t l e s s  
s t r e s s e d  s t a t e  in r e i n f o r c e d  s h e l l s  of z e r o  c u r v a t u r e .  

w F o r  a s h e l l  of z e r o  c u r v a t u r e ,  l e t  t h e r e  be  g iven  the fo l lowing :  the  f o r m  of the  m i d d l e  s u r f a c e ,  
the  l aws  of change  in the  t h i c k n e s s  and the  c h a r a c t e r  of the  a n i s o t r o p y ,  and the  m o m e n t l e s s  b o u n d a r y  c o n d i -  
t i o n s .  It is  r e q u i r e d  to  f ind the  d e p e n d e n c e s  b e t w e e n  the  c ompone n t s  of the  e x t e r n a l  s u r f a c e  load  which  
b r i n g  about  a m o m e n t l e s s  s t r e s s e d  s t a t e  in such  a s h e l l .  

We s h a l l  l i m i t  o u r s e l v e s  to  the  c a s e  of c y l i n d r i c a l  s h e l l s ,  wi th  an a r b i t r a r y  f o r m  of t h e i r  d i r e c t r i c e s .  
Then,  t ak ing  as  the  p a r a m e t e r / 3  the  l eng th  of an a r c  s of the  d i r e c t r i c e s ,  we ob ta in  B = 1, R =R(s) ,  and,  con -  
s equen t ly ,  f r o m  the  s e c o n d  equa t ion  of (1o4) we f ind 

e ~ = a %  (s)-~ tp~(s), (2.1) 

w h e r e  ~0t(s), ~P2(s) a r e  a r b i t r a r y  func t ions  of the  i n t e g r a t i o n .  

F r o m  r e l a t i o n s h i p s  (1.1), (2.1) we o b t a i n  

T~ = (2h% - -  b~.2RP3 - -  b~aT~) b ~  ~. (2.2) 

The  f i r s t  two equa t ions  of (1.1) and the  f i r s t  equa t ion  of (1.4), u s ing  the  d e p e n d e n c e s  (1.2) and the  
t h i r d  equa t ion  f r o m  (1.1), a r e b r o u g h t  to  the  f o r m  

' c  --  (2.3) c n T ~ , ~ +  T~,~-r ~ T a - - %  T~,~=c~; 

w h e r e  c3x T ~:~§ c~ .T~.s§  c~aTa= ca, 

e n = - -  b~.ab~ ~, c~ = c~t.a, ca~ = 0.hh -~ (bah q- b~acu), 

e ~  = - -  0 . h h - '  (b~3 - -  b n c n ) ,  ca3 = ca,c~ + c~., ,  

c~ = - -  p , ,  ( b ~ b - ~ i R p ~ ) . ~  - -  2 (hb~ ' e~ ) ,~ ,  c 2 = - -  p~ - -  (Rp,),,,  

cz = ( b n b ~ l %  + capa),s - -  (b,ab~te~ -q-- c~Pa),~z, 

c a = 0 .5h- iR  (b,.. - -  bnb~.2b~ '  ),  c5 = 0 .5h- lR  ( b ~ z -  b , a b ~ b ~ '  ). 

The cond i t i ons  of t he  i n t e g r a b i l i t y  [3] of Eqs .  (2.3) have the  f o r m  

A ~ T a = A 2 ;  B ~ T a = B 2 ,  

where A~ = - -  C l3 , a ,  B I  = C33 - -  C13C32; 

(2.4) 

A2 = Pi,a @ VnP2 @ Y12P2,c~ - -  P2,s @ 713P3 + ~?14P3,~ q- W~P3,~ A- ~'~Pz,~ q- ~17P3.~ -t- VlsP3,~ q- ~h; 

~'11 : - -  c l s - -  cll,~., YI~- ~ - -  cn ,  "h~ : - -  R,s~ @ R(b22b~i ) ,~  • Y l l ,  

"~14 = - -  c n R , ~  - -  2 R  ( b~2b~l),~z, Y15 = - -  2 R  ~ -~ W l R ,  

~ 1 6 = - - R b , . 2 b ~  j,  Y l r = - - R ,  Y l s = - - c n R ,  Y l = 2 ( h b ~ l e 2 ) , ~ ,  

Y"~ = ca2, Y"-2 = c31 - -  c n % z ,  Y"~3 = Ye~-R,s - -  c32R (b22b~l ) ,~  "~- c~,s - -  c5,c~, 
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If the cyl inder  works :n a moment less  state, then sys tem (2.3) must  admit of a solution for  T 3 and, 
consequently, the equalities (2.4) must  be satisfied. Here three cases  a re  possible.  If 

AI=BI=0 ,  (2.5) 

then f rom (2.4) we obtain 

A~=B~=0. (2.6) 

In this case,  the function T 3 can be determined f rom any of the equations of (2.3), for example, f rom the 
second. 

If A t = 0, B i # 0, then from equality (2.4) we find 

A2=0; (2.7) 

T~ = B~B"( -~. (2.8) 

It can be verified that, in o rde r  that the express ion found for T 3 actually be a solution of Eqs. (2.3), we re -  
quire the sat isfact ion of a relationship, obtained with the substitution of the express ion  for T~ f rom (2.8) 
into the second equation of (2.3), 

( B ~ B : ~ ) ~ - -  ~, = o. (2.9) 

If A 1 ~ 0, B 1 ;~ 0, o r b  I =0, then f rom the f i rs t  equality of (2.4) we find 

Tz = A2 A'(-~" (2.10) 

In o rder  for the express ion found for  T 3 to be a solution of Eqs. (2.3), we requi re  the solution of re la t ion-  
ships, obtained with the substitution of the value for  T 3 f rom (2.10)into the f i r s t  two of Eqs. (2.3) and into 
the second equality of (2.4), 

(A2ATI),s-{- claA2A~ " 1 -  c + cnc~ " = 0; (A2A]"I).,~-- c~. = 0, (2.11) 

B1A,AT "~ --  B~ = O. 

Thus, depending on the s tar t ing data of the staternent under consideration,  the components of the ex- 
ternal  surface load, bringing about a moment less  state in the cylinder, must  sat isfy the relat ionships (2.6) 
or (2.7), (2.9) o r  (2.11). 

We shall i l lustrate  the resul ts  obtained using the following example: We cons ider  a closed cyl indri-  
cal shell with a directr i •  of length L (we take the origin for the coordinate a at one of the bounding ends). 
The shell is made of an isotropic mater ia l  (a = 1, G n =~nEn(aE)-~= 0, n = 1 . . . . .  N) and has a constant thick- 
hess  (h = const).  The component P3 of the external surface  load satisfies the equality P3 =P = const (p > 0). 
At the edges ef the shell, the following conditions a re  given: 

Ttla=o = Tlla=L = O, T~Ia=o = - -  T31a=L. (2.12) 

It iS required to find the laws of change of the components P l and P2 of the external  load with which a moment-  
less  state will be real ized in the cyl inder  under considerat ion.  

Since, with the conditions formulated,  equalities (2.5) are  satisfied, the sought components Pl and P2 
must  sat isfy relat ionships (2.6), which, in the present  case,  have the form 

Pi,~ - -  P~, --  R,,~p = 0; h -~ (t + v) p~ + 72~,~P + Y2 = 0. (2.13) 

Using dependences (1.2), (2.1), the f i r s t  equation of (1.1), and the bounda~hz conditions (2.12), f rom 
(2.13), (2.2), and the second equation of (2.3), we find 

Pl=O'5v(t +v)-~(a--O.5L)R,s~ P, P2=--O.5(2 +v)(l  +'v)-lB,~p; (2.14) 

T~=0, Ts=0.5v 0_+v)-~(0,SL_a)R,s p. (2.15) 

By vir tue of the third equality of (1.1) and (2.15), the condition for elast ic work of the mater ia l  of the 
shell [1] can be represented in the fo rm 

0.5h-~p {R ~ + [0.5v (t + v ) - '  (0:5L --  ~) R,] 2}"2 < %. (2.16) 

This inequality leads to a l imitation on the value of the load p. Let us apply the solutions obtained to an 
actual par t ia l  case ,  i.e., to a cyl inder  of elliptical t r ansve r se  c ross  section.  Then [4] R=a~7~(l--e cos~)-#2, 
ds = Rd~p, 
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dR 3e sin 2(p d2R 3e (cos 2~ -- s cos 2 (#) 
, ( 2 . 1 7 )  ds 2(t--scos 2~) ' ds2 a l ~ l - e c o s  ~-(p 

d3R~ 6e [ 3 2 ( t ) ] 
ds3 = a~.~------~ I . . . .  T e - - - T s  l - - - -~-e  cos2q~ sin2% 

-G  -1  where ~= 1--T2; T -  2al ; at  and a 2 are  the la rge  and small  semiaxes of the eUipse; (p is the angle formed 
by a normal  to the ell ipse and its small  axis. 

We in t roduce  the  d i m e n s i o n l e s s  quant i t ies  qt  =PlP - t ,  q2 =P2P -1, x =~L -1, l = I_al ~I, 

z0 = + 3 [0.5vl (1 + v ) - '  (0 .5 - -  (2.18) 

Dependences  of  ql (solid l ines)  and q2 (dashed l ines)  on x, ca lcu la ted  using f o r m u l a s  (2.14), (2.17), 
a r e  shown in Fig.  l a  (with Z=2) and Fig.  lb  (with l =4).  The n u m b e r s  1-9 c o r r e s p o n d  to the values  ~p = 0, 
�9 /8 ,  ~ /4 ,  3/8v,  r / 2 ,  5/8~, 3/4~,  7/8v, ~, the n u m b e r s  without  c i r c l e s  c o r r e s p o n d  to the case  7 = 1/2 ,  and the n u m -  
b e r s  enc losed  in c i r c l e s  to the case  7 = 1/3.  F o r  d e t e r m i n a c y  in the ca lcu la t ions  it was a s s u m e d  that  u = 0.3. 

In a c c o r d a n c e  with condi t ion  (2.16), the  shel l  wil l  w o r k  e l a s t i ca l ly  only if the inequal i ty  2h%(atp) -1 > z 0 
is sa t i s f i ed .  The m a x i m a l  values  of z 0 along the  c r o s s  sec t ions  (p =cons t ,  ca lcu la ted  using f o r m u l a  (2.18) 
f o r  the va lues  of l ,  T, ~P, under  c o n s i d e r a t i o n  a r e  given in Table  1. We note that,  in any g iven  c r o s s  sec t ion  
x = const ,  each of the quant i t ies  z 0, ql has ident ica l  values  fo r  points  of the middle  s u r f a c e  which a r e  s y m -  
m e t r i c a l  with r e s p e c t  to the  e l l ipse  of the c r o s s  sec t ion,  and q2 fo r  points  which a r e  s y m m e t r i c a l  with r e -  
spec t  to the c e n t e r  of the  e l l ipse .  With T = 1 (round cyl inder) ,  f r o m  (2.14), (2.15), we obtain p~ = P 2 = T 3 = 0 .  

w Let  us c o n s i d e r  two f u r t h e r  s t a t e m e n t s  of the p r o b l e m  of a t ta ining a m o m e n t l e s s  s tate;  the m e t h -  
ods o f  solut ion a r e  v e r y  s i m i l a r .  

F i r s t  S ta tement .  Let  t h e r e  be g iven the fol lowing:  the f o r m  of the middle  su r face ,  the law of  the 
d i s t r ibu t ion  of the ex te rna l  s u r f a c e  load, the r ig id i t i es  Gk=WkEk �9 (aE) -1 (previously  r e in fo rced ,  k = 2  . . . . .  
N), the angles  t n  (n = 1 . . . . .  N), and the m o m e n t l e s s  boundary  condi t ions .  It is r e q u i r e d  to find the laws 
of change  in the  t h i cknes s  h and the  r ig id i ty  G i (addit ionally r e in fo rced)  with which a m o m e n t l e s s  s t a te  will  
be r ea l i zed  in such  a shel t .  

Second Sta tement .  Given:  the f o r m  of the middle  su r face ,  the  law of the d i s t r ibu t ion  of the  ex terna l  
s u r f a c e  load,  the th i ckness ,  the r ig id i t i es  G k (previously  r e in fo rced ,  k =  3 . . . .  N), the angles  tn (n  = 1 . . . . .  N), 

7 , '  eL" ~ .~Q_ a 

3 

z ~- ,--@ - - ~ -  

g l  > 9 2  " b �9 

| Y/@ ! @~ 

-3 �9 ~.@ - 4 ~  ~ : : : :  
- 5  I 

0 0 ,5  ~ 0 0 ,5  x 

Fig.  1 

T A B L E  1 

I ,  io=o t ~/s T . / 4 /3 , s .  I .12 

, 2  20 2,240 0,62, 0,347 0 250 
2 1/___~_3 3,____~0 2,220 0,550 0,25--6 0,tt_____i_i 

1/2 2,0 ] 1,457 I 0,880 ] 0,465 ] 0,250 
4 [ 1/3 ! 3,0 I 1,821 [ 0,996 I 0,454 [ 0, l i t  
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and the m o m e n t l e s s  boundary  condi t ions .  It is  r e q u i r e d  to d e t e r m i n e  the laws of change  in the r ig id i t i es  
Gt  and G 2 of two s u p p l e m e n t a r y  f ami l i e s  of f i l aments  with which the s t r e s s e d  s ta te  in the shel l  unde r  con -  
s ide ra t ion  will  be m o m e n t l e s s .  

Under  the condi t ions  of both s t a t e m e n t s ,  the s t r e s s e s  T~, T2, T 3 a r e  found f r o m  Eqs .  (1.1), with an 
a c c u r a c y  up to a r b i t r a r y  cons tan t s  d e t e r m i n e d  f r o m  the boundary  condi t ions  [5]. 

F o r  solut ion of the f i r s t  s t a tement ,  we r e p r e s e n t  the r e l a t ionsh ips  of the e l a s t i c i ty  (1.2), us ing de-  
pendences  (1.5), in the  f o r m  

a~le~ + G~e~12i - -  TI  (2haE) -~ = -- a~2e~, al~%; (3.1) 

a~2e~ 27 G~e,l~ - -  T~ (2haE) - I  = - -  a2~s~ - -  a~e~; 

w h e r e  

e I = e~l~i 27 eel2t "~-' e~Inl2~; 
�9 N �9 N 

h = 2  h = 2  
N N 

.;~ E c ~ , ~ .  ~;~ = o.5(~ +.~)-'  + E ~ : G~llfl2~, i; ] = 1, 2, 
h = 2  h = 2  

(3.2) 

A s s u m i n g  A r 0, f r o m  (3.1) we find 

whe re  

2 h = A A ~  -l, G~=A~(he~)- t ;  

A = - -  (A~T~ 27 B~T= -~ C~T~); k~ = A -~  (a~2A a 27 a'~2B a ~- alack), 

B ,  = (a;al n -  a; , l , , )  l n ,  B= = a i , r ,  - -  ai3T,,  S s = (T, l  n - -  T~/,,) In; 

C 1 = a; i121  - -  a12121, C 2 = a ; 2 r  1 ---  , ; l r 2 ,  C 3 = T l l 2 2 1 -  T 2 Z 2 1 .  

For  solut ion of  the second  s t a t emen t ,  we wr i t e  the r e l a t ionsh ips  (1.2), us ing  dependences  (1.5), in 
the  f o r m  

(3.3) 
(3.4) 

where  

(3.5) 

~;,~ + c,.,z~, + C.e j~2  = T ,  (Zh .E )  - '  - -  ~ ; ~  - -  ~;~.~; 

al~e~ T a~e~I2~ § G~e2l~2 =- T~ (2haE) -~ a2es 2 --  a2~e3; 

a13el 27 G~el l~ ln  27 G~e~I~l~ = T~ (2haE) -~  - -  a2~e~ - -  a~%,  

(3.6) 

2 I 9 

N N 

h ~ 3  h=3 

N N 

~ =  E ~ " o - 5 ( 1 + , 1 - ~ +  E ~ 2 Gfl~kljk, as3 . = G~llkl2~. 
k= 3  ~=3 

(3.7) 

A s s u m i n g  A ;~ 0, f r o m  (3.5) we find 

whe re  

GI=AxA -1, G2--A2A-~; 
el =F--kle~-[-k~es, 

Ai = (2haE)-" (&TI + B,T~ + C~T~) -- (a]2& + a'22B~ 27 a23C~) e,, (a'~3A~ 27 a2sBi 27 a'~3Ci) e 8, 

3 3 
A =  A, sin(~)l--~2), A . =  ~ a';mlm; F = ( 2 h a E A . )  -1 v T, f l  .... 

(3.8) 

(3,9) 

(3.10) 
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f o r m  

3 3 

k~=AT ~ E a~ul~n, k s = - A - f  ~ E a"m~Im; 

l~ = l~l~,  l~ = l~l~,  l~ = --  sin (a~ ~ ,~); 

=- - -  ~ - -  al2/ll. 

F u r t h e r ,  us ing the dependence  (3.9) as  a un i fo rm e x p r e s s i o n  fo r  r we r e p r e s e n t  Eqs .  (1.4) in the 

Bea,~ -- k~es,~ -~ (B,~ - -  k2,~) e a = (F - -  k~g~),~; ( 3 . 1 1 )  

[Bem~ -t- (t + kx) B,~e~ -- k~B.~e~ -- B,~F],~ = 0. (3.12) 

Thus ,  the solut ion of both s t a t e m e n t s  r educes  to the solut ion of Eqs.  (3.11), (3.12). If 

k2=0 ~ 

then, integrating Eqs. (3.11), (3.12), we find 

t [ i a (F_k~e2)da];  

e 2.= --ff-e l~.~(~) ,- j  1-~u F +  ml(~) erda, , I '-~-d~ d~, 

w h e r e  <p~{fl), ~ ) ,  ~p~{fl) a r e  a r b i t r a r y  funct ions of the in tegra t ion .  

If B , a = 0 ,  then  f r o m  Eq. (3.12) we find 

e,=~J~)+%(~), 

where  ~P4(fl), ~p5(/3)are funct ions  of the  in tegra t ion .  

(3.13) 

(3.14) 

(3.15) 

(3.16) 

In the p r e s e n t  case ,  as  the coord ina te  fl we take  the lengths  of an a r c  of the f l- l ine.  Then, B = 1, and 
Eq. (3.11) can be r e p r e s e n t e d  in the f o r m  

es,~--k2es,~= k2,~e3--],~, (3.17) 

w h e r e  f=  F - k l e  2, e 2 is d e t e r m i n e d  by  the dependence (3.16). 

Let  us examine  the  p o s s i b l e  v a r i a n t s  of the Cauchy p r o b l e m  fo r  Eq. (3.17), a n d t h e i r  solut ion:  

1) k2=k2(a), f=f (a) ,  e 3 ] a = a 0 = e  (s) (here and below e is a given funct ion of one var iab le) .  

c i )  Solution e 3 = e  s - t -  k2d~ ; 
\ So 

2) k2=k2(s),  f=f(oO, ~31s =so --~ (oz). 

~ d s  Solution e3 = ~ (so) e ~ ~- ; 

3) k 2 = k  s(a), 0 / / O s = ~ ( a ) ,  e~]~=:,, 0 = e ( s ) .  

Solution ~, = e s -~ k2d~z --  

4) k 2 ; c o n s t ,  f = f  (s), e31c~;c~0=~(s). 

Solution e3 = kT l {f (s) - -  / is + (c~ - -  %)/~ell § ~ is --b (c~ --  %) k~l; 

Solution e3 = k2 -~ (s) k~ (So) e a + J" k~ -~ (s) ds -- / (s) -- / (s,). 
$o 
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If  

k=k2B,~C=O , (3.18) 

then  f r o m  (3.11), (3.12) we obtain 

e3 = ale2,~ "4- a~e2 + an; ble2,~ + b2oz, a~ + bae~,~ -~- b4ez,~ -I" bse~= b~, (3 .19)  

w h e r e  bx = a~B, b~ = - -  k2a~, b 3 = Ba2 + (a~B),~-:- (a~k~),~, b~ = kz - -  aak~, b5 --- (a~B) .~ - -  (k2a2).~ + k~,~, b 6 --- (F  ~- 
k~as).g - -  (aaB).=; a~ = B k  -~, a~ = (l + k~) k - l ,  a s = - -  (B:~F + ~6) k-~; ~(~) i s  an a r b i t r a r y  funct ion of the in te -  
g ra t ion .  

Equat ion (3.19) is so lvable  f o r  both  s t a t e m e n t s  in the case  w h e r e  the inequal i ty  (3.18) holds.  

In all  c a s e s ,  a f t e r  the  funct ions  e2 and ea have been  found, us ing dependences  (3.4) o r  (3.9) we find 
the  funct ion e~. F u r t h e r ,  f o r  the f i r s t  s t a tement ,  we d e t e r m i n e  the sought  funct ions  h and Gt using f o r m u -  
las  (3.3), and, f o r  the second  s ta tement ,  the sought  funct ions G~ and G 2 us ing f o r m u l a s  (3.8). 

As  an  i l lus t r a t ion  of the r e s u l t s  obta ined fo r  the f i r s t  s t a tement ,  le t  us  c o n s i d e r  an  example .  A 
c losed  cy l ind r i ca l  shel l  of e l l ip t ica l  t r a n s v e r s e  c r o s s  sec t ion  (semiaxes  a a and a~, a~ > a2) and a length L 
is loaded by a u n i f o r m  n o r m a l  p r e s s u r e  (Pl = P 2 = 0 '  Pa=P =cons t ,  p > 0). A c h a r a c t e r i s t i c  l a y e r  of the shel l  
conta ins  only one fami ly  of f i l amen t s  with a r ig id i ty  Gt and an angle  of r e i n f o r c e m e n t  r At  the end of the 
cy l inde r  a =  0, ce= L, the fol lowing condi t ions  a r e  g iven :  

T~l==o = T,/,~=L = Tg = const, Tale= o = - -  Tak=r~ , e~l~= 0 = e=I~=z, (3.20) 

and, at  the  cen te r ,  the  condi t ions  

h]cz=Li2 = h o = const, Gila=L~2 = 0. (3.21) 

It is r e q u i r e d  to s e l ec t  the th ickness  h and t h e  r ig id i ty  G, in such a way that  the c y l i n d e r  will work  in a 
m o m e n t l e s s  m a n n e r .  

Le t  the  angle  of r e i n f o r c e m e n t  sa t i s fy  the  equal i ty  

etg ~ ~ = T x T ~  ~ (3.22) 

(here it is  obvious that  only c y l i n d e r s  and loads  can  be cons ide red  fo r  which T t -  > 0). Since, in a c c o r d a n c e  
with the  condi t ion  of the  example ,  t h e r e  is no p r e l i m i n a r y  r e i n f o r c e m e n t  (G k = 0, k = 2 . . . . .  N), f r o m  r e -  
l a t ionsh ips  (3.2), (3.5), with the condi t ion  (3.22), t h e r e  fol lows the  equali ty (3.13). 

Then, taking as the p a r a m e t e r  fl the length of an a r c  s of the d i r ec t r i x ,  and us ing the boundary  con-  
di t ions  (3.20) and the condi t ions  (3.21), f r o m  (3.3)-(3.5),  (1.2), (3.14), (3.15}, (1.1) we obtain 

2h = 2 (i + ~) A (aE [2 (i -~-v) e~ sin ~p cos ~ + (v cos ~ ~ --  sin ~ ~) e~]}-~; (3.23) 

G~ -- [2 (l q- v)e~T a q- (vT~ - -  T~) e~] (Ae~)-~; ~,~.Z4} 

e~ = - -  kls~, e~ T ~  vT~ ,i~ O (k~e~) da; 

~L 

- -  2h0a E ' % = - -  ~ ~0o25) 

k~ = (v - -  ctg ~ ~) (i - -  v ctg ~ ~p)--i; 
c~ d2R 

T1 = -5- (a - -  L) - ~ - p +  T~, 

w h e r e  T~=T i I ~ = L / ~  (i = 1, 2). 

We in t roduce  the d imens ion l e s s  quant i t ies  

H = hh~*; x = a L - l ;  l = LaT"~; t = T*I (alp)-1; (3.26) 

~o = 2hoaE [alP (l - -  "A)] - f  [(s 1 + re2) ~ + (s 2 + ~el) ~ - -  (s 1 + ve~) (e 2 -{- re1) + 0.75 (1 + v)--ee~]t/2; z 1 = 2hoaEe 1 (alp)  - ~  

We a s s u m e  that  a c h a r a c t e r  l a y e r  is r e i n f o r c e d  in a c c o r d a n c e  with the fol lowing s c h e m e  (Fig. 2): 

c~ b 

Fig .  2 

929 



b 
a H ~ . . . . . .  H ~-- -z  ~ : ! ,x5 
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i 
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" i  \. i 
o 
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0 0, 25 x 
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2~ 

Io \~\~ 

0 0,25 - oc 
Fig .  3 F ig .  4 

TABLE 2 

(p x=O O, t 0,2 0,3 0,~ 0,~9 

0,8 

2 

0,7 

4 0,8 

0,7 

.~/8 0,266 
~/4 0,235 
3/8n 0,212 

a/8 0,27t 
a/4 0,222 
3/8a 0,189 

n/8 0,265 
.~/4 0,235 
3/8,~ 0,212 

;~/8 0,271 
~/4 0,222 
3/8~ 0,t89 

0,264 
0,236 
0,2t4 

0,269 
0,223 
0,192 

0,26t 
0,237 
0,219 

0,264 
0,227 I 
0,202 

0,263 
0,239 
0,215 

0,268 
0,224 
0,194 

0,257 
0,238 
0,224 

0.259 
0123i 
0,213 

0,263 0,262 
0,233 0,236 
0,216 0,216 

0,267 0,206 
0,224 0,225 
0,196 0,197 

0,254 0,253 
0,239 I 0,240 
0,229 ] 0,232 

0,256 I 0,254 
0,237 I 0,236 
0,223 I 0,229 

i 

:0 962 
0,236 
0,217 

i0d 
0,225 
0,t98 

0,253 
0,240 
0,233 

0,253 
0,236 
0,231 

a) in the  s e c t i o n s  0 -  < (P-< v / 2  and ~ < r  3 /2~ wi th  0 ~  x ---1//2 r = - ~ ,  and  1//2 < x -< 1 r = ~ ;  

b) in the  s e c t i o n s  ~//2 < r  -<r  and 3//2~r < ~v<2r wi th  0 - < x -  < 1//2~p =~2, wi th  1//2 <x<- ~p =-~2, 

w h e r e  ~ = a r e c o t  V/~lT2 - t. 

The  d e p e n d e n c e  of H on x, c a l c u l a t e d  us ing  f o r m u l a s  (3.23), (2.17), i s  shown in F ig .  3a (with l = 2) and 
F ig .  3b (with l = 4 ) .  The  so l id  and d a s h e d  c u r v e s  c o r r e s p o n d  to the  c a s e s  7 = 0 . 8 ;  0.7. The  n u m b e r s  1-5 
c o r r e s p o n d  to the  c r o s s  s e c t i o n s  ~= 0, ~ /8 ,  ~//4, 3//8r, r / /2 (F ig .  2). F o r  d e t e r m i n a c y  in the  c a l c u l a t i on ,  
it  was  a s s u m e d  tha t  v =0.3 ,  t =  15. 

The  d e p e n d e n c e  of G 1 on x, c a l c u l a t e d  u s i n g  f o r m u l a s  (3.24), (2.17), is  shown in F ig .  4a (with l = 2) 
and in F i g .  4b (with l = 4 ) .  H e r e  the  no t a t i on  i s  the  s a m e  as  fo r  F ig .  3. We note  tha t ,  wi th  ~p =0,  ~r/2, f r o m  
(3.25), (2.17) we  ob ta in  G l = 0 w i t h  any g i v e n : v a l u e s  of l, T, x .  

Wi th  7 = 1 {round c y l i n d e r ) ,  f r o m  (3.23), (3.24) i t  fo l lows  tha t  H -= 1, G i = 0. 

T a b l e  2 g i v e s  v a l u e s  of t he  ang le  ~2 as  a func t ion  of x .  

A c c o r d i n g  to  [1], the  b i n d e r  and the  f i l a m e n t s  wi l t  w o r k  e l a s t i c a l l y  i f  the  fo l lowing  i n e q u a l i t i e s  hold:  

z o < 2hoa % (alp)--l;  2hoaE(~ T (E la lp  -~)  < z l  < 2hoaE(~l + (E~alp) - l .  

M a x i m a l  v a l u e s  of z 0 and z 1 a long  the  c r o s s  s e c t i o n s  ~p =const, c a l c u l a t e d  us ing  f o r m u l a s  (3.26), a r e  
g iven  in T a b l e  3. The  n u m e r a t o r  g i v e s  v a l u e s  f o r  z 0, and the  d e n o m i n a t o r ,  f o r  z 1. 

It m u s t  b e  no ted  that ,  in a given c r o s s  s e c t i o n  x=const, each  of the  q u a n t i t i e s  H, G 1, z 0, z 1 has  i d e n -  
t i c a l  v a l u e s  at  po in t s  of the  m i d d l e  s u r f a c e  which  a r e  s y m m e t r i c a l  wi th  r e s p e c t  to  the  axes  of the  e l l i p s e  
of such  a c r o s s  s e c t i o n .  In  add i t ion ,  a long  the  c r o s s  s e c t i o n s  r = c o n s t ,  the  e q u a l i t i e s  hold H ( x ) = H ( 1 - x ) ;  
Ol(x ) = Gi(l--x), z0(x ) =z0(1--x); z 1(x) = z l ( l - x ) .  

AS an illustration of the results obtained for the second statement, let us consider an example. A 
closed cylindrical shell of elliptical transverse cross section (semiaxes a I, a2; a I > a2)has a constant thick- 
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T A B L E  3 

I ? q~=O 

),8[ 15,3t 
2 

),7I t5,87 I 

0,8) 18,01 
4 

0,7] 20,46 

his 

15,0t 
t3,82 
15,25 
i3,92 

17,77 
t5,03 
21,05 
i5,60 

t 
a/4 3/8 n 1 a/2 

t4,43 ,z , 
13,58 13,3----T t3,85 
t4,2__~5 13,4,___.~6 t3,20 
~3,42 12,9i 

16,79 t3,6__~7 11132 
13,08 ti,351 
22,16 t6,99 I 
~2,o4 .--ffKI 8,52 

T A B L E  4 

0,8 

i 0,7~ 

0,8 

2 Off 

q,=O 

36,37 

3~,41 

36,82 

37.0 

a/8 

~G,31 

36,33 

36,59 

36,68 

36,23 

36,23 

36,23 

36,24 

3/8 a l a /2  

36,24 I...~36,24 

36,231 36,23 

36,24~ 30,23 

T A B L E  5 

0,8 
i 

055 

2 
0,75 

r 

--0,48 t 
--0,48i 
--0,479 
--0,479 

--0,502 
--0,502 
--0,506 
--0,505 

--0 AS_... 2 
--0,498 
--0,481 
--0,503 

--0,486 
--0,6t4 
--0,486 
--0,65g 

I ~/t,. 

--0,492 
--0,522 
--0,494 
--0 59 )̀ 

--0,491 
--0,666 
--0,491 
--0,737 

3/8 

--0,499 
--0,511 
--0,502 
--0,5t9 

--0,492 
--0,612 
--0,492 

~12 

--0,50! 
--0,501 
--0,504 
--0,504 

--0,493 
--0,493 
--0,492 
--0,492 

~ ,c2  

t2 

to 

..c z 

ce, '> ' "  A = <,7//'y~" 

~" i.-.,/ 
~.~.//b ,Bz 

"/)Z 
/ 

0 O, g5 ,9c, 

G!, GZ 
40 
50 

20 

8t 

I0 

"1) 2 
0 O) 25 

Fig.  5 

3 2 
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92 

#, 

J 
...-.-~, 

ness  (h = const)  and is loaded by a un i fo rm  n o r m a l  p r e s s u r e  (Pl =P2 = 0, p a = p  =cons t ,  p > 0), A c h a r a c t e r -  
i s t ic  r e i n f o r c e d  l a y e r  conta ins  two fami l i e s  of f i l aments  with the r ig id i t ies  G 1 and G 2 and angles  of r e i n -  
f o r c e m e n t  r and Cz; h e r e  

$i = --~2-=~=c~ (3.27) 

At the edges of the shell  ~ =0, ~ = L  (L is the length of the cylinder), the following condition with ~=L/2  
is imposed: 

G,=G~.=G=const. (3.28) 

It is r e q u i r e d  to  s e l ec t  the r ig id i t i e s  G~ and G 2 in such  a way that  a m o m e n t l e s s  s t r e s s e d  s ta te  will be a t -  
ta ined in the c y l i n d e r  u n d e r  cons ide ra t i on .  

Since, in a c c o r d a n c e  with the condi t ion of  the g iven example ,  t h e r e  is no p r e l i m i n a r y  r e i n f o r c e m e n t  
(Gk=0, k = 3  . . . . .  N), f r o m  (3.7), (3.10), with the condi t ion (3.27), t he re  follows the  equal i ty  (3.13). Then, 
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as the p a r a m e t e r  fl, taking the length  of an a r c  of the d i r e c t r i x  s, and using the boundary  condi t ions  (3.20) 
and the condi t ions  (3.27), (3.28) f r o m  (3.8)-(3.10), (1.2), (3.14), (3.15), we obtain 

Gi=((:I)i~-(I)2)(A.el sin 2~p) -x, G~=(di)l--~:)(A , es sin 2~p)-i; (3.29) 

~i---- [(2haE) -~(vT~--  T~) -?e~ ]sin ~ cos: ~, 

q92= [Ta(2haE)-~--O,5(f q-v)-~sa ]h . ;  A. = v  cos 2 ~--s in  ~ ~; 

e~=e~ cos ~ ~+e~ sin s $+e~ sin ~ cos ~, 

e~ = e~ cos 2 r -l- e~. sin 2 ~ - -  % sin ~ cos ~, 

o TO aO2T o) ( 2 h a E ) - '  [a~az2 - -  (a~ -~, g 1 - ~ F - k l E 2 ,  82 = ~al t  2 - -  0 0 

i 0 ( F - - k 1 % ) d a ;  
L/2 

k, (cos 2 $.--  v sin s $) A - t  

a~ = ( t  - -  ~ ) - 1  _}_ 2G cos 4 ~, 

F ~ J - v 2  
2haEA. (T2 c~ ~ --  T1 sin ~ r 

T~ = TI]a=L/2 (i --~ l ,  2); 

a ~ .= ( t  --- V2) -1 -~ 2G sin4 % 

o v (l _. v~.)-, + 2G sin~ lpcos2 ~p" a12 

The  s t r e s s e s  T1, T2, T 3 a r e  de t e rmined  by f o r m u l a s  (3.25). 

We in t roduce  the  d i m e n s i o n l e s s  quant i t ies  

l = L a ~ ;  t = T'l (alp)-~; x = aL-1;  (3.30) 

z 0 ---- 2haE (i  - -  v 2) alp] -~ [(e 1 4- veo) 2 + (e 2 @ vei) 2 --  (el d- v~2) (% A- ~el) @ 0.75 (t ~- ~)-2e2] ~/z; 

z 1 = 2haEe I (alp) - l ,  z 2 =- 2haEe~ (alp) - l .  (3.31) 

The dependences  of  G 1 (solid l ines)  and G 2 (dashed l ines)  on x, ca lcu la ted  us ing the f o r m u l a s  (3.29), 
(2.17), a r e  shown in Fig.  5a (with l = l )  and in Fig.  5b (with l = 2 ) .  The dashed-do t  cu rves  c o r r e s p o n d  to 
the c a s e  G I = G  2. The l e t t e r s  A, B, C, D, E denote  the c r o s s  sec t ions  (p=0, r / 8 ,  v /4 ,  3/8~, r / 2 .  The sub-  
s c r i p t s  1, 2 c o r r e s p o n d  to the values  3/= 0.8, 0.75. F o r  de t e rminacy ,  it was  a s s u m e d  in the ca lcu la t ion  
that  u = 0 . 3 ,  G=10 ,  r  ~ t = 4 0 .  

In the c a s e  where  the cy l inde r  is round (T = 1), f r o m  (3.29) we obtain G 1 = G2= G = 10. 

A c c o r d i n g  to [1], fo r  e las t ic  w o r k  of the e l emen t s  of a compos i t e  ma te r i a l ,  the inequal i t ies  m u s t  be 
sa t i s f ied  

Zo < 2hac;o (alp)-1; 

2haEtr-( -~ (Ela,p) -~ < zl <2haE~l  + (Elalp)-~; 

2haEcr (E~a~p) -~ < z 2 < 2haEa + (E2aap) - t .  

In the  n u m e r i c a l  example  unde r  cons ide ra t ion ,  f o r m u l a s  (3.21) give z 1 < 0, z2< 0, i .e. ,  the reinforcing 
f i l aments  in the compos i t i on  of a c o m p o s i t e  m a t e r i a l  work  in a c o m p r e s s e d  s ta te  (el< 0, e2< 0). Table  4 
g ives  m a x i m a l  values  of z o, and Table  5 m ax ima l  values  of z 1 (in the n u m e r a t o r )  and z 2 (in the denomina tor )  
in c o r r e s p o n d i n g  c r o s s  sec t ions  q~ =cons t ,  ca lcu la ted  using f o r m u l a s  (3.30), (3.31), (2.17). 

It m u s t  be  noted that ,  in any given c r o s s  sec t ion  x =cons t ,  each of the funct ions G 1, G2, Zo, zl, z 2 has 
ident ica l  va lues  at points  of the midd le  s u r f a c e  which a r e  s y m m e t r i c a l  with r e s p e c t  to the axis  of the e l -  
l i p se  of the c r o s s  sec t ion .  In addition, a long c r o s s  sec t ions  ~p =cons t ,  the equal i t ies  hold G~(x)=G2(1--x); 

Z0(X) = z0(1--x); zl(x) = z2(1--x). 
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